A spin-wave theory of a dilute Heisenberg ferromagnet is studied using Green's function techniques. The Green's function for one-magnon excitations is calculated in two ways, a decoupling method and a diagram method. An expression for energy is applied to determine the critical concentration for which the ferromagnetic ground state is unstable with respect to the formation of long-wavelength spin waves. For a simple cubic crystal, the result lies close to that obtained using a cluster expansion method. §I. Introduct:i.on
to the formation of long-wavelength spin waves. The critical concentration is defined as the minimum concentration of magnetic atoms, arranged at random in a non-magnetic lattice, for which ferromagnedsm will occur. The determination of the critical concentration has been studied on the basis of Heisenberg and Ising models including nearest-neighbour interactions between magnetic elements. By making use of the cluster expansion it has been proved that the result for the Heisenberg model lies close to that for the Ising model. 3 ) Recently the critical concentration has been determined by Murray using the longwavelength spin-wave method. 4 ) The results were considerably larger than those obtained using a cluster expansion method. For a simple cubic lattice, the result of this paper, however, lies close to that of the cluster expansion method. This result seems reasonable since the result determined by this method is a lower bound to the critical concentration. The difference arises from the fact that Murray started from an overcomplete set of states and used a variational procedure.
. In § 4, the average procedure for the system is systematically studied by a diagram method. For simple lattices (including simple cubic, body-centered cubic and face-centered cubic lattices in particular) with nearest-neighbour interactions, a general formalism of the Green's function for a random ferromagnet is developed and results are expressed in terms of a function of the concentration of magnetic elements. On the general features of the results obtained in the previous section, some discussion is also given. § 2. Formulation of the problem The Hamiltonian for the system is (2 ·1) where ~{i} denotes a sum over lattice sites occupied by magnetic atoms, which are randomly distributed over lattice points of a definite crystal structure. The Jij are the exchange interactions between pairs of magnetic spins. The spm operators, S/ and S/, obey the following commutation relations:
11\T e choose to define the following set of states:
where S is the spin quantum number and the kets, I j), are the basis vectors of an Nc-dimensional Hilbert space, in which c and N are the concentration of the magnetic atoms and the total lattice points. The ground state corresponding to a state of complete spin alignment is denoted by J 0) and defined by the conditions that S/!0)=0 for all j and JijO)==O.
The arbitrary one-particle set cj; describes one-magnon excitations m the system. Such an approximation neglecting magnon-magnon interactions is used at low temperatures. The operator equation (2. 5) can be transformed in a secular equation for the amplitudes ci by operating from the left with bra, <il, with the result that :E <iJiiJ j)Ci =ECi.
The matrix element <iiHI j) is expressed by
Therefore the coefficients Cj and the eigenvalues E are determined by the secular equation of the form (2 ·8) Since we are concerned with the energy spectrum, it 1s convenient to introduce the one-particle Green's function defined by
m terms of which we rewrite the secular equation (2 · 8) as Therefore the eigenvalues E;.., are the solutions of det[G-
which means that
Then the spectral density (2 ·16) where k is a reciprocal lattice vector which is confined \Vithin the first Brillouin zone determined by the crystal symmetry, the symbol ~k denotes a sum over the N points inside the Brillouin zone. As has been discussed by Matsubara and Kaneyoshi (referred to as M -K I), it is more convenient to deal with another Green's function defined by
{i} {.i} which becomes, upon using (2 ·14), (2 ·18) where
1s a random function which depends on the distribution of magnetic atoms.
If we define Gkk' (E) by
then it is a straightforward task to check that 
where (2 ·23) and
Here, Bk is the magnon energy of the zeroth-order expression and < · · ·) indicates an average over all possible distributions of magnetic atoms. The second term on the right-hand side in (2 · 22) comes from the random distribution of magnetic atoms. This term gives rise to the formation of both broad magnon energy spectrum and decaying random spin wave. Equation (2 · 22) is an expression for a particular configuration of magnetic atoms, and hence it is necessary to take an average over all possible configurations of them. In the following sections, in order to perform the average, it turns out to be necessary to evaluate moments of the following type: (2 ·25) I'he moments can be given by a summation of some cumulants of the product of p (k). For convenience of later reference, let us write the first few terms:
+···. 
These formulae will be used in the following sections. § 3. Critical concentration (2. 29) (2. 30)
In this section, we shall evaluate the average
' by making use of a decoupling method. For this purpose we perform the average procedure of Eq. (2 · 22):
In order to solve Eq. (3 ·1), it is necessary to evaluate a higher order term
, which is shown to satisfy the equation
where we have used the relations (2 · 25) and (2 · 26) . At this stage, we use a relation defined by
In order to obtain
In (3 · 4), it is also necessary to discuss the second term on the right-hand side, which is evaluated by the same procedure as that for deriving (3 · 4) . In this way (3 ·1) is solved by interaction procedure. The result may be represented by The first few terms of T k (E) and Llk (E) are expressed as follows:
and -1-....
By making use of these formulae, we now discuss the critical concentration defined as the minimum concentration of magnetic atoms, for which ferromagnetism will occur, and treat simple lattices with nearest-neighbour interaction. In this case the exchange J,., is (3 ·8) where A goes over the Z nearest neighbours of a representative magnetic atom.
As has been discussed by Murray, 4 ) the critical concentration is determined from the unstableness with respect to the formation of long-wavelength spin waves. Then the result is given as a lower bound on the critical concentration. Therefore we examine the low-frequency end of the spin-wave spectrum as a function of concentration. The spin wave energies, as will be shown, can be written in the following form: (3. 9) where a is the lattice parameter. The function ¢(c) does not contain the spin or exchange coupling and depends only on the lattice structure.
Since we are calculating the energies to lowest order in k, we expand (3 · 6) in terms of k keeping only the lowest-order term. By the use of (3 · 8), Tk (E) for cubic crystals becomes
XL; ~ {~JtV~4)
(1-r,~J (1-rkJ
+···' where the energy E was dropped from the denominators because it is obviously of order k
•
The terms (3 ·10 ·a), (3 ·10 ·d) and (3 ·10 ·e) have the same order of magnitude as the second term evaluated by Murray by the use of a variational procedure. (3 ·10 ·b) and (3 ·10 ·c) correspond to higher order terms m Murray.
For the simple cubic lattice, it is shown in the Appendix that (3 ·10) IS numerically estimated as where I= 0.420. In proceeding from (3 ·11· a) to (3 ·11· b), a part of higher order terms is included. However, the higher order terms do not significantly contribute to determination of the critical concentration. Actually, we have neglected a second-order continued fraction from the first term of (3 ·11· b) since at the critical concentration it adds to the denominator a small value in comparison with others. Hence the function ¢(c) is given by
The results for ¢(c) can be seen in Fig. 1 Thus, the critical concentration determined from each approximation lies close to the result of the corresponding cluster expansion method. This result seems reasonable since the result determined by this method is a lower bound on the critical concentration. Actually the critical concentration c* determined from (3 ·12) is given by the following relation: c*>0.329. This value is equal to that of Charap.
l
The difference between the present and Murray's results arise from the fact that Murray started from an overcomplete set of state and used a variational procedure. In fact, 11urray's result, the terms such as the second term which in our case corresponds to the approximation of the line (B) , was over-estimated because of the variational procedure. § 4. Generalization and discussion Now we make a general discussion o£ the Green's function for a random ferromagnet by the use of a diagram n1ethod and then turn our attention to the general features of the results obtained in the previous section.
For this purpose we expand the Green's function (2 · 22) in powers of
The first few terms which are obtained by iteration are
where we defined V(kk') by
Inspecting each term in perturbation series ( 4 · 2), we readily find that the diagram analysis may be applied. The diagrams representing the first few terms of ( 4 · 2) are shown in Fig. 2 , in which a horizontal line represents a magnon of momentum k whose propagator is described by where the cross denotes an impurity. Hence the evaluation of the averaged Green's function by means of the diagam method goes almost in parallel with that of the one-particle Green's function for an impurity band conduction, which has been discussed in detail in M-K I. Let us introduce the same definitions of the "proper self-energy part" Tk (E) and "renormalized propagator" Gk 0 (E) as in M -K I each of which is the sum of certain diagrams to infmite order and related with each other as shown in Fig. 3 . a) Thus we have
and
In the first order approximation, the Green's function IS given by a sum of diagrams depicted in Fig. 4 -and can be expressed as 6) and For simple lattices (including simple cubic, body-centered cubic and facecentered cubic lattices in particular) and for nearest-neighbour interaction, Tk (E)
E-s,c-Tk(E)
and Lik (E) are simplified considerably. In this case the following relation is established,
The series of Th (E) (or Li~c (E)) can be summed up in a compact form if we use ( 4 · 8) and (2 · 28), and note that The summation of the series (4·7) goes in a way quite similar to that of T 1~ (E). Therefore we have
,j2 (4 ·12) and (4 ·13) In this way, the determination of the Green's function ( 4 · 6) and the spectral density (2 · 21) is accomplished by solving T k (E) self-consistently though laborious calculation may be required even in the simple lattices.
In Fig. 3 , we have summed all the diagrams associated with a single impurity site. However, there are a lot of diagrams left unsummed. These diagrams are of the type which has two or more interaction lines crossing with one another. The problem how to sum up these higher order diagrams is discussed in Y-M III. 
where T k (l) denotes the first-order proper self-energy part g1ven by Fig. 3 and
) (E) is the second order correction which involves all the effects from a pair of sites, as shown in Fig. 5 , and so forth. The first term of Tk < 2 ) (E) 1s, for example, as follows:
Now, let us apply the above formalism to discuss the general features of the result obtained in the previous section. In order to find the coefficient of k 2 , we expand ( 4 · 9) in power series of k, obtaining TT.: (E) = (2SJ) 2::: At this place, on considering that Eh is of order P at1d that ( 4 ·17) reduces to the result presented by the summation of (3 ·10 ·a) and (3 ·10 ·d) if we replace Gk 0 (E) by G1c 0 (E). Therefore on these diagram formulation we must proceed to the second order "proper self-energy part" in order to obtain the result discussed in the previous section. Actually ( 4 ·15) reduces to (3 ·10 ·e) if we replace Gk 0 (E) by Gk 0 (E) and expand it in power series of k.
Before concluding this section, we consider the validity of this spin-wave theory. In order to define the excited states clearly, the inverse lifetime of the states must be very small in comparison with the frequency of the spin waves. The criterion for the validity of this theory is generally as follows: E~c':? Im X r,, (ET.:), where E~.; is determjned by a solution of the equation E~c =CT.;+ Re rl~ (EJJ.
In the first order approximation, the criterion is given by In this paper, we have developed a Green's function method for a dilute Heisenberg ferromagnet. The merits of using the Green's function method are that it yields a fairly easy method to formulate the problems of higher dimensions and that the statics as well as dynamics of the system can be discussed with the help of knowledge of the Green's function. Actually the method developed in this paper has many interesting applications to practical problems for a dilute Heisenberg ferromagnet. An immediate application of the results obtained above is to discuss the thermal conductivity of a dilute Heisenberg ferromagnet, which will be treated in a separate paper by the use of the Kubo formula. (L) ( ~1-l.).
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The second term of (A· 7 =--+-. 
